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An introduction to the Gabor wave front set
Luigi Rodino and S. Ivan Trapasso
Abstract In this expository note we present an introduction to the Gabor wave front
set. As is often the case, this tool in microlocal analysis has been introduced and
reinvented in different forms which turn out to be equivalent or intimately related.
We provide a short review of the history of this notion and then focus on some recent
variations inspired by function spaces in time-frequency analysis. Old and new
results are presented, together with a number of concrete examples and applications
to the problem of propagation of singularities.
1 Introduction
A central notion in microlocal analysis of partial differential equations is the wave
front set [27]. In somewhat rough terms, the wave front set of a distribution u is
the collection of all the points of the phase space (x0, ξ0), ξ0 , 0, where the lack of
regularity of u at x0 is detected on the spectral side by a characteristic behaviour in
the direction ξ0. Giving a rigorous meaning to this heuristic model provides a fine
scale of technical tools for the microlocal study of singularities of pseudodifferential
operators and their propagation. It should be stressed that wave front sets play amajor
role in the mathematical theory of quantum fields [21, 49]. We cannot frame here
the long tradition of studies on the wave front set and its applications; a complete
historical and technical account may be found in the monograph [27] by Hörmander,
who first introduced wave front sets in [30].
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In recent times the notion of wave front set have benefited from the perspective
of time-frequency analysis [33, 42, 43, 50]. The spirit of Gabor analysis may be
condensed in the idea of simultaneous analysis of distributions with respect to both
time and frequency variables; several techniques and function spaceswere introduced
in the last decades to carry out this program [25]. The affinities with the notion of
wave front set, where the regularity is measured by a simultaneous analysis of points
and directions, are evident.
The purpose of this introductory paper is to present some of the contributions in
this respect, in particular we focus on the Gabor wave front set [50]. To be precise,
the idea of a global wave front set showed up many times under several different
guises; an historical account on the issue with many pointers to the literature is
given in Section 3, while in Section 2 we collected some preliminary material from
microlocal and time-frequency analysis.
In Section 4 we provide a more technical description of the Gabor wave front set.
In particular we highlight the most important results of [10]. [28] and [50], together
with a number of detailed examples. New results for the wave front set in context
of modulation space regularity are derived in Section 4.3. We conclude with a brief
review of applications to propagation of singularities.
Most of the technical proofs are omitted to keep the presentation at an introductory
level. We hope that this overview may be useful as a point of departure for the
interested reader, as well as a practical summation of the most relevant results on the
topic.
2 Preliminaries
2.1 Notation
We set x2 = x · x, for x ∈ Rn, where x · y = xy is the scalar product on Rn. The
Schwartz class is denoted by S(Rn), the space of temperate distributions by S′(Rn).
The brackets 〈 f , g〉 denote the extension to S′(Rn) × S(Rn) of the inner product
〈 f , g〉 =
∫
Rn
f (x)g(x)dx on L2(Rn).
The conjugate exponent p′ of p ∈ [1,∞] is defined by 1/p+1/p′ = 1. The symbol
. means that the underlying inequality holds up to a positive constant factor C > 0.
For any x ∈ Rn and s ∈ R we set 〈x〉s ≔ (1 + |x |2)s/2. We choose the following
normalization for the Fourier transform:
fˆ (ξ) = F f (ξ) =
∫
Rn
e−2πixξ f (x)dx, ξ ∈ Rn .
Wedefine the translation andmodulation operators: for any x, ξ ∈ Rn and f ∈ S(Rn),
(Tx f ) (y) ≔ f (y − x),
(
Mξ f
)
(y) ≔ e2πiξy f (y).
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These operators can be extended by duality on temperate distributions. The compo-
sition π(x, ξ) = MξTx constitutes a so-called time-frequency shift.
Recall that Γ ⊂ Rn is a conic subset of Rn if it is invariant under multiplication
by positive real numbers, namely x ∈ Γ⇒ λx ∈ Γ for any λ > 0.
The symplectic group Sp(n,R) consists of all 2n × 2n invertible matrices S ∈
GL (2n,R) such that
S⊤JS = SJS⊤ = J, J =
(
O I
−I O
)
,
where J is the canonical symplectic matrix andO and I are the n×n zero and identity
matrices respectively.
In the rest of the paper we identify the cotangent set T ∗Rn of Rn with R2n to
lighten the notation.
2.2 Modulation spaces
The short-time Fourier transform (STFT) of a temperate distribution u ∈ S′(Rn)
with respect to the window function ϕ ∈ S(Rn) \ {0} is defined by
Vϕu(x, ξ) ≔ F (u · Txϕ)(ξ) =
∫
Rn
e−2πiyξu(y) ϕ(y − x) dy. (1)
The readermaywant to consult themonograph [25] for a comprehensive treatment
of the mathematical properties of this time-frequency representation, in particular
those mentioned below. We highlight that the STFT is intimately connected with
other well-known phase-space transforms, in particular the Wigner distribution
W(u, ϕ)(x, ξ) =
∫
Rd
e−2πiyξu
(
x +
y
2
)
ϕ
(
x −
y
2
)
dy. (2)
As far as the regularity is concerned, the STFT of a possibly wild distribution
u ∈ S′(Rn) is a well-behaved function; in particular, we have that Vϕu ∈ C(R2n)
and there exists constant C > 0 and N ≥ 0 such that |Vϕu(z)| ≤ C〈z〉N for all
z ∈ R2n. Furthermore, Vϕu ∈ S(R2n) ⇔ u ∈ S(Rn). It turns out that the STFT is
one-to-one in S′(Rn), as a result of the following inversion formula: for u ∈ S′(Rn)
and ϕ, ψ ∈ S(Rn) \ {0} such that 〈ϕ, ψ〉 , 0 we have
u =
1
〈ϕ, ψ〉
∫
R2n
Vϕu(z)π(z)ψdz, (3)
to be interpreted in the distribution sense - namely, the right-hand side is a temperate
distribution whose action on φ ∈ S(Rn) coincides with 〈u, φ〉. Notice in particular
that if we choose ϕ ∈ S(Rn) \ {0} with ‖ϕ‖L2 = 1 and set ψ = ϕ we have
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|Vϕu(w)| =
∫
R2n
Vϕu(z)Vϕϕ(w − z)dz
 , w ∈ R2n . (4)
This argument generalizes to the following pointwise inequality (“change-of-window
lemma”) which will be used below.
Lemma 1 ([25, Lem. 11.3.3]) Let ϕ1, ϕ2, φ ∈ S(R
n) be such that 〈φ, ϕ1〉 , 0 and
u ∈ S′(Rn). Therefore
|Vϕ2u(x, ξ)| ≤
1
|〈φ, ϕ1〉|
(|Vϕ1u| ∗ |Vϕ2φ|)(x, ξ), ∀(x, ξ) ∈ R
2n .
When speaking of weight functions below we refer to some positive function
m ∈ L∞loc(R
2n) such that m(z + ζ) . m(z)〈ζ〉r for some r ≥ 0 and any z, ζ ∈ R2n -
that is, m is 〈·〉r -moderate.
Given a non-zero window ϕ ∈ S(Rn), a weight function m on R2n and 1 ≤
p, q ≤ ∞, the modulation space Mp,qm (R
n) consists of all temperate distributions
u ∈ S′(Rn) such that Vϕu ∈ L
p,q
m (R
2n) (mixed weighted Lebesgue space), that is:
‖u‖M p,qm = ‖Vϕu‖L
p,q
s
=
(∫
Rn
(∫
Rn
|Vϕu(x, ξ)|
pm(x, ξ)p dx
)q/p
dξ
)1/q
< ∞,
with trivial modification if p or q is∞. If p = q, we write Mp instead of Mp,p , while
for the unweighted case (m = 0) we set Mp,q0 ≡ M
p,q .
It can be proved that Mp,qm (R
n) is aBanach spacewhose definition does not depend
on the choice of the window ϕ (in the sense that different windows yield equivalent
norms). The standard weight used in the rest of the paper is m(z) = vs(z) = 〈z〉s for
some s ∈ R. We mention that many common function spaces are intimately related
with modulation spaces: for instance, M2(Rn) coincides with the Hilbert space
L2(Rn), while if m(x, ξ) = 〈ξ〉s for s ≥ 0 we have that M2m(R
n) coincides with the
usual L2-based Sobolev space Hs(Rn). Furthermore, the following characterizations
hold for any 1 ≤ p, q ≤ ∞:
S(Rn) =
⋂
s≥0
M
p,q
vs (R
n), S′(Rn) =
⋃
s≥0
M
p,q
v−s (R
n). (5)
Another perspective onmodulation spaces is provided by inspecting the definition
of the STFT Vϕu: it may be thought of as a continuous expansion of the function
u with respect to the uncountable system {π(z)ϕ : z = (x, ξ) ∈ R2n}. Notice that
π(z)ϕ is a wave packet highly concentrated near z in phase space. For short, we
have Vϕu(x, ξ) = 〈u, π(x, ξ)ϕ〉 in the sense of the (extension to the duality S′ − S
of the) inner product on L2. This perspective is further reinforced by the role of
frame theory and discrete time-frequency representations. Given a non-zerowindow
function ϕ ∈ L2(Rn) and a subset Λ ⊂ R2n, we say that the collection of the
time-frequency shifts of ϕ along Λ is a Gabor system, namely
G(ϕ,Λ) = {π(z)ϕ : z ∈ Λ}.
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For instance one may consider separable lattices such as
Λ = αZ × βZ = {(αk, βn) : k, n ∈ N},
for lattice parameters α, β > 0; we write G(g, α, β) for the corresponding Gabor
system. Recall that a frame for a Hilbert space H is a sequence {xj }j∈J ⊂ H such
that for all x ∈ H
A ‖x‖2H ≤
∑
j∈J
|〈x, xj 〉|
2 ≤ B ‖x‖2H ,
for some universal constants A, B > 0 (frame bounds). Roughly speaking, the
paradigm of frame theory consists in decomposing a vector x along the frame, then
studying the action of operators on such elementary pieces and finally reconstructing
the image vector. The entire process is encoded by the frame operator
S : H ∋ x 7→
∑
j∈J
〈x, xj 〉xj ∈ H .
If a Gabor system G(ϕ,Λ) is a frame for L2(Rn) it is calledGabor frame. Notice that
the Gabor frame operator reads
S f =
∑
z∈Λ
Vg f (z)π(z)g,
and is a positive, bounded invertible operator on L2(Rn). A remarkable result of
frame theory is that a function can be reconstructed from its Gabor coefficients by
means of the following discrete analogue of (3):
u =
∑
z∈Λ
Vϕu(z)π(z)ϕ˜, (6)
where ϕ˜ = S−1ϕ is the canonical dual window and the sum is unconditionally
convergent in L2. Notice that ϕ ∈ S(Rn) ⇒ ϕ˜ ∈ S(Rn) if G(ϕ,Λ) is a Gabor frame
[32].
Moreover, the reconstruction formula (6) extends to u ∈ Mp,qm (R
n) for all 1 ≤
p, q ≤ ∞ and weight function m on R2n, with unconditional convergence in the
modulation space norm if 1 ≤ p, q < ∞ (weak unconditional otherwise). In addition,
an equivalent discrete norm for Mp,qm (R
n) is given by
‖u‖M p,qs =
©­«
∑
n∈Zn
( ∑
k∈Zn
|Vϕu(αk, βn)m(αk, βn)|
p
)q/pª®¬
1/q
.
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2.3 Pseudodifferential operators
In the spirit of time-frequency analysis we define Weyl operators starting from the
relation
〈σw f , g〉 = 〈σ,W(g, f )〉, ∀ f , g ∈ S(Rd), (7)
where σ ∈ S′(R2d) is the symbol of the Weyl operator σw : S(Rd) → S′(Rd),
which can be formally represented as
σw f (x) =
∫
R2d
e2πi(x−y)ξσ
( x + y
2
, ξ
)
f (y)dydξ,
while W(g, f ) is the Wigner transform defined in (2). Other quantization rules may
be covered in a similar fashion. In particular, we define
〈Opτ(σ) f , g〉 = 〈σ,Wτ(g, f )〉, ∀ f , g ∈ S(R
d), (8)
where the Wigner distribution is generalized as
Wτ( f , g)(x, ξ) =
∫
Rd
e−2πiyξ f (x + τy)g(x − (1 − τ)y) dy.
We refer to the papers [2, 8, 13, 15] for results in this general framework. Notice that
we recapture the Weyl quantization for τ = 1/2, while the case τ = 0 corresponds to
Kohn-Nirenberg quantization. In the rest of the paperwewill focus onWeyl operators,
but most of the stated results can be transferred to other kind of pseudodifferential
operators in view of the identity
Opτ1(a) = Opτ2(Tτ1,τ2a), Tτ1,τ2a = e
2πi(τ1−τ2)DxDξ a, a ∈ S′(R2n). (9)
Nevertheless, there is a distinctive property characterizing the Weyl calculus
among other quantization rules, which is known as symplectic covariance. Recall
indeed that S ∈ Sp(n,R) can be associated with a unitary bounded operator µ(S) on
L2(Rn), called metaplectic operator, which satisfies the intertwining property
µ(S)−1σwµ(S) = (σ ◦ S)w, σ ∈ S′(R2n).
This shows that the map µ : S 7→ µ(S) defines a metaplectic operator only up to
a constant complex factor of modulus one. We will not focus on technical details
concerning the metaplectic representation; in fact, we have been quite sloppy in
describing these features. The reader may consult [20, 25, 54] for a precise account
on symplectic covariance and metaplectic operators.
A major advantage of the time-frequency analysis perspective on pseudodiffer-
ential operators is that general symbol classes may be considered, in particular
modulation spaces. Recall the definition of the classical Hördmander classes [26].
Definition 1 Let m ∈ R. The symbol class Sm0,0 is the subspace of smooth functions
a ∈ C∞(R2n) such that
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sup
(x,ξ)∈R2n
〈ξ〉−m |∂αx ∂
β
ξ
a(x, ξ)| < ∞, ∀α, β ∈ Nn0 .
It is a Fréchet space with the obvious seminorms.
For a ∈ Sm0,0 we have that a
w is continuous on S(Rn) and S′(Rn); moreover the
map T0,1/2 is an automorphism of Sm0,0. Composition of Weyl operators with symbols
in Sm0,0 classes is well behaved: if a ∈ S
m
0,0 and b ∈ S
n
0,0, then a
w ◦ bw is again a
Weyl operator with symbol a#b ∈ Sm+n0,0 - the latter is known as theWeyl (or twisted)
product of a and b. While explicit formulas are known for a#b in general, we stress
that the calculus associated with symbols in Sm0,0 is highly non-trivial due to the lack
of asymptotic expansions for Weyl product of symbols.
A somewhat better behaviour is showed by Shubin symbol classes [52], defined
as follows.
Definition 2 Let m ∈ R. The symbol class Gm is the subspace of smooth functions
a ∈ C∞(R2n) such that
sup
z∈R2n
〈z〉−m+ |α | |∂αz a(z)| < ∞, ∀α ∈ N
2n
0 .
It is a Fréchet space with the obvious seminorms.
We confine ourselves to recall that
⋂
m∈R G
m
= S(R2n) and the Weyl product is a
bilinear continuous map # : Gm × Gn → Gm+n. We also set G∞ =
⋃
m∈R G
m.
3 A short history of the Gabor wave front set
By analogy with the classical Huygens construction of a propagating wave, Hör-
mander ([29], 1971) called wave front set of a distribution u the subset WF(u) of
R
n
x × (R
n
ξ
\ {0}) defined by examining the behaviour at infinity of the Fourier trans-
form uˆ. Namely, the point (x0, ξ0), ξ0 , 0, does not belong to WF(u) if there exist a
function ϕ ∈ C∞c (R
n), ϕ(x0) , 0, and a conic neighbourhood Γξ0 ⊂ R
n of ξ0 such
that
|ϕ̂u(ξ)| ≤ CN 〈ξ〉
−N
∀ξ ∈ Γξ0, N ∈ N, (10)
for a suitable constant CN > 0. Here and below we assume u ∈ S′(Rn), though
the preceding estimate applies obviously to u ∈ D ′(Rn) or u ∈ D ′(Ω) with Ω open
subset of Rn such that x0 ∈ Ω and supp(ϕ) ⊂ Ω.
An alternative definition can be given by using classical pseudodifferential oper-
ators with polyhomogeneous symbol with respect to the ξ variables:
p(x, ξ) = pm(x, ξ) + . . . , (11)
where pm satisfies pm(x, λξ) = λmp(x, ξ) for λ > 0 and ξ , 0. Precisely, (x0, ξ0) <
WF(u) if and only if there exists p(x, ξ) with pm(x0, ξ0) , 0 such that p(x, D)u ∈
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C∞(Ux0) for some neighbourhoodUx0 of x0. The statement does not depend on the
quantization rule we adopt to define p(x, D).
Afterwards, several variables of the definition ofWF(u) appeared.Our attention is
focused here on the globalwave front setofHörmander ([28], 1989), whichwe denote
here by WFG(u). To define WFG(u) for u ∈ S′(Rn) we may imitate the preceding
argument in terms of pseudodifferential operators, by taking now polyhomogeneous
symbols in the z = (x, ξ) variable, as in Shubin [52]:
p(z) = pm(z) + . . . , (12)
with pm(λz) = λmpm(z) for λ > 0, and similarly for lower order terms. Then,
z0 = (x0, ξ0) < WFG(u), z0 < 0, if there exists p(z) with pm(z0) , 0 such that
p(x, D)u ∈ S(Rn). Willing to give a direct definition, we may replace the Fourier
transform with the integral transformation
Tu(x, ξ) =
∫
Rn
e−2πitξe−|t−x |
2/2u(t)dt. (13)
We have that z0 = (x0, ξ0) < WFG(u) if and only if there exists a conic neighbourhood
Γz0 of z0 in R
2n such that
|Tu(z)| ≤ CN 〈z〉
−N , ∀z ∈ Γz0, N ∈ N. (14)
In the next sections we shall review the main properties ofWFG(u) and present some
variants of the definition. We continue here by listing some papers of the last thirty
years, where WFG(u) was reinvented, without reference to the original contribution
by Hörmander [28].
Let us first mention Nakamura ([39], 2005), who introduced the so-called homo-
geneous wave front set to study propagation of singularities for Schrödinger through
methods typically used in semiclassical analysis. Schulz and Wahlberg ([51], 2017)
proved recently that the homogeneous wave front set coincides with WFG(u). In
turn, Ito ([31], 2006) clarified the connection of the homogeneous wave front set
with the quadratic scattering wave front set of Wunsch ([55], 1999), see also [36].
To complete this survey, we may mention the related definition of the scattering
wave front set of Melrose [38], Melrose and Zworski [37], coinciding with the SG
wave front set of Cordes [16] and Coriasco and Maniccia [18].
Roughly speaking, the scattering/SGwave front set consists of three components:
WF(u), WF(uˆ) and a third component similar to WFG(u) where analysis is limited
to rays through z0 = (x0, ξ0), with x0 ∈ Sn−1x and ξ0 ∈ S
n−1
ξ
. The enormous de-
velopments of the corresponding SG-microlocal analysis are somewhat outside our
present perspective, see for instance [17] for references.
A new approach to WFG(u) was proposed by Rodino and Wahlberg ([50], 2014)
where the original contribution by Hörmander [28] was finally recognized and a
further equivalent definition was given in terms of time-frequency analysis. Namely,
the integral transform in (13) coincideswith the Bargmann-Gabor transform of u, that
is a short-time Fourier transform with Gaussian window, see [24] and the textbook
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[25]. It is then natural to replace Tu with the discrete Gabor frame representation of
u, possibly with more general windows, and impose in the cone Γz0 a rapid decay of
the Gabor coefficients, see the next section for the details. In [50] the authors gave
the name Gabor wave front set to the associated wave front set and introduced the
notation WFG(u), where the subscript G stands both for global and Gabor.
In these last five years, this new approach and the new name were adopted by
a number of authors working in the area of time-frequency analysis. Let us try to
give a short account. As already evident from the original work of Hörmander [28],
the main application concerns the propagation of microlocal singularities for the
Schrödinger equation {
i∂tu(t, x) = H(x, D)u(t, x)
u(0, x) = u0(x)
. (15)
A basic example is the quantum harmonic oscillator, corresponding to the Hamil-
tonian H(x, ξ) = |x |2 + |ξ |2. In fact, starting from the Gabor-Fourier integral repre-
sentation of the Schrödinger propagator in [7, 12] one can deduce in a natural way
propagation in terms of WFG(u), see [9, 10, 11, 14]. The analysis is extended to the
case of non-self-adjoint Hamiltonians in [6, 41, 47, 48, 53] and semilinear equations
in [40]. In all these papers the definition of WFG(u) is modified by replacing the
S-decay in (14) with other regularity conditions in order to best fit with the features
of the Hamiltonian. In particular, in [9, 10, 14] the authors reconsiderWFG(u) in the
framework of weighted modulation spaces Mp introduced by Feichtinger, see [22]
and [25]. In this connection we address to the next sections, where we shall present
an alternative definition in terms of Gabor frames.
In [40], to study the non-linear properties of WFG(u), attention is addressed to
M2 = L2 regularity with weight 〈z〉s , z = (x, ξ) ∈ R2n, corresponding to the spaces
Qs of Shubin [52]. In [51] the authors consider the same variant of WFG(u), under
the action of localization operators. In [53] the polynomial Gabor wave front set is
defined assuming (14) satisfied for a fixed value of N .
In [5, 6, 11] the S-decay is replaced by analytic and Gelfand-Shilov decay. To be
precise, z0 = (x0, ξ0) does not belong to such wave front sets if there exists a conic
neighbourhood Γz0 of z0 in R
2n such that
|Tu(z)| ≤ Ce−ǫ 〈z 〉
r
, z ∈ Γz0, (16)
for some fixed r > 0 and positive constantsC and ǫ . The case r = 1 corresponds to the
analyticGaborwave front set. In [3] the definition is generalized to ultradifferentiable
classes by assuming
|Tu(z)| ≤ Ce−ω(z), z ∈ Γz0, (17)
for a given weight function ω(z).
Observe that in [9] and [11] the notion of WFG(u) is generalized to that of Gabor
Ψ-filter, respectively in the analytic and modulation space setting. This allows one
to get rid of the homogeneity assumption on the Hamiltonian.
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The research related to the Gabor wave front set, or other wave front sets from
the point of view of time-frequency analysis, is very intensive at present and it is
impossible to give complete references. Let us limit to further mention [4, 19, 35,
44, 45, 46].
4 Gabor wave front set: theory and practice
In this sectionwe focus on the Gabor wave front setWFG introduced in the preceding
historical account.
4.1 The global wave front set of Hörmander
We briefly review the main properties of the global wave front set WF(u) introduced
by Hörmander in [28]. We need to introduce some preparatory notions.
Definition 3 The conic support of a ∈ S′(R2n) is the set conesupp(a) of all z ∈
R
2n \ {0} such that any open conic neighbourhood Γz of z in R2n \ {0} satisfies:
supp(a) ∩ Γz is not compact in R
2n .
Definition 4 Let a ∈ Gm for some m ∈ R. We say that a point z0 ∈ R2n \ {0} is
non-characteristic for a if there exist positive constants A, ǫ > 0 and an open conic
set Γ ⊂ R2n \ {0} such that
|a(z)| ≥ ǫ 〈z〉m, z ∈ Γ, |z| ≥ A.
We define char(a) as the subset of R2n \ {0} containing all the non-characteristic
points for a.
Notice that
conesupp(a) ∪ char(a) = R2n \ {0}, a ∈ Gm.
We are now ready to define the global wave front set.
Definition 5 Let u ∈ S′(Rn). We say that a point z0 ∈ R2n \ {0} does not belong to
WF(u) if there exist m ∈ R and a ∈ Gm such that awu ∈ S(Rn) and z0 < char(a).
We collect below some properties satisfied by WF(u), following [50].
Proposition 1 Let u ∈ S′(Rn).
1. WF(u) is a closed conic subset of R2n \ {0}.
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2. WF(u) is symplectically invariant:
z0 ∈ WF(u) ⇒ Sz0 ∈ WF(µ(S)u), S ∈ Sp(n,R).
3. For a ∈ Gm the following inclusions hold:
WF(awu) ⊆ WF(u) ∩ conesupp(a) ⊆ WF(u) ⊆ WF(awu) ∪ char(a).
In particular, if char(a) = ∅ then WF(awu) = WF(u).
4. If a ∈ Gm and conesupp(a) ∩WF(u) = ∅ then awu ∈ S(Rn).
5. WF(u) = ∅ if and only if u ∈ S(Rn).
4.2 The Gabor wave front set at Schwartz regularity
Let us give a concise review of Gabor wave front set in the context of Schwartz
regularity, following [50]. First we introduce a continuous version of the Gabor
wave front set characterized by rapid decay of the phase space representation of a
distribution.
Definition 6 Let u ∈ S′(Rn) and ϕ ∈ S(Rn) \ {0}. We say that z0 ∈ R2n \ {0} does
not belong to the set WF ′(u) if there exists an open conic neighbourhood Γz0 of z0
in R2n \ {0} such that
sup
z∈Γz0
〈z〉N |Vϕu(z)| < ∞ ∀N ∈ N0. (18)
It is a direct consequence of the definition that WF ′(u) is a closed conic subset
of R2n \ {0}. The definition of WF ′(u) is well-posed in the sense that the Schwartz
decay of Vϕu in a conic neighbourhood does not depend on the window function ϕ,
as detailed below.
Proposition 2 ([50, Cor. 3.3]) Let u ∈ S′(Rn), ϕ ∈ S(Rn) \ {0} and z0 ∈ R2n \ {0}.
Assume that there exists an open conic neighbourhood Γz0 of z0 in R
2n \ {0} such
that condition (18) holds. For any open conic neighbourhood Γ′z0 of z0 in R
2n \ {0}
such that Γ′z0 ∩ S
2n−1 ⊆ Γz0 and any ψ ∈ S(R
n) \ {0} we have
sup
z∈Γ′z0
〈z〉N |Vψu(z)| < ∞ ∀N ∈ N0.
In the spirit of time-frequency analysis it is interesting to study the discrete
variant of WF ′(u) obtained by replacing the full phase-space cone Γz0 in (18) with
its restriction to suitable lattice points. This leads to the definition of the Gabor wave
front set WFG(u).
Definition 7 Let u ∈ S′(Rn), ϕ ∈ S(Rn)\{0} and a separable latticeΛ = αZn× βZn
where α, β > 0 are such that G(ϕ,Λ) is a Gabor frame. We say that z0 ∈ R2n \ {0}
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does not belong to the Gabor wave front set WFG(u) if there exists an open conic
neighbourhood Γz0 of z0 in R
2n \ {0} such that
sup
λ∈Λ∩Γz0
〈λ〉N |Vϕu(z)| < ∞ ∀N ∈ N0. (19)
While it is clear that WFG(u) ⊆ WF ′(u), it is a remarkable result that the other
inclusion holds too, cf. [50, Thm. 3.5], that is
WFG(u) = WF
′(u), u ∈ S′(Rn). (20)
This characterization also shows that the definition of WFG(u) is independent of the
choice of the Gabor frame G(ϕ,Λ) used in (19). Moreover, it can be proved that all
these results still hold for more general lattices Λ = AZ2n , where A ∈ GL (2n,R).
In the rest of the paper we will discard the notationWF ′(u) and we computeWFG(u)
according to (18) whenever convenient.
Another important achievement in [50] is the proof of the fact that the Gabor
wave front set coincides with Hörmander’s global wave front set. We prefer not to
include a discussion of this issue in order to keep the presentation at an introductory
level. We just mention that a key ingredient in the proof is a precise characterization
of the Gabor wave front set of Weyl operators with symbols in Sm0,0 classes.
Proposition 3 Let m ∈ R. For a ∈ Sm0,0 we have
WFG(a
wu) ⊆ conesupp(a), u ∈ S′(Rn).
In particular, for m = 0 we have
WFG(a
wu) ⊆ WFG(u) ∩ conesupp(a), u ∈ S
′(Rn).
We determine below the Gabor wave front set of some special distributions in
order to get a taste of this notion and also to prepare material for applications to
Schrödinger equations.
Example 1 Fix z0 = (x0, ξ0) ∈ R2n. The Gabor wave front set is invariant under
time-frequency shifts, namely
WFG(π(z0)u) = WFG(u), u ∈ S
′(Rn).
This is indeed a consequence of the invertibility of time-frequency shifts and Propo-
sition 3, since
π(z0) = σ
w, σ(x, ξ) = eπix0ξ0e2πi(xξ0−ξx0) ∈ S00,0.
Example 2 (Dirac delta)Consider the Dirac distribution centered at x0 ∈ Rn, namely
δx0 ∈ S
′(Rn). In view of the previous example we can assume x0 = 0 without loss of
generality, namely WFG(δx0) = WFG(δ0) for all x0 ∈ R
n. Let us compute the STFT
of δ0: for a fixed window ϕ ∈ S(Rn) \ {0},
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Vϕδ0(x, ξ) = 〈δ0, MξTxϕ〉 = ϕ(−x).
This implies that |Vϕδ0(0, λξ)| = |ϕ(0)| for all λ > 0 and ξ ∈ Rn. If we further assume
ϕ(0) , 0we see that {0}×(Rn\{0}) ⊆ WFG(δ0). To conclude, letC > 0 and consider
the conic subset Γ = {(x, ξ) ∈ R2n \ {0} : |ξ | < C |x |}. Let z0 = (x0, ξ0) ∈ Γ; then
sup
z∈Γ
〈z〉N |Vϕδ0(z)| . sup
x∈Rn
〈x〉N |ϕ(−x)| < ∞,
hence z0 < WFG(δ0). This argument allows us to conclude that
WFG(δx0) = WFG(δ0) = {0} × (R
n \ {0}).
We remark that in the case of δx0 the Gabor wave front set is less informative than the
classical Hörmander wave front set [27] , which readsWFH (δx0) = {x0}×(R
n \ {0})
and coincides with the SG wave front set WFS by Coriasco and Maniccia [18].
Example 3 (Pure frequency) Fix ξ0 ∈ Rn and consider the distribution u(t) = e2πitξ0 .
In order to determine its Gabor wave front set we apply again the invariance property
under phase-space shifts, namely
WFG(u) = WFG(Mξ01) = WFG(1).
For a fixed window ϕ ∈ S(Rn) \ {0} we have
Vϕ1(x, ξ) = 〈1, MξTxϕ〉 = 〈δ0,TξM−x ϕˆ〉 = e
−2πixξ ϕˆ(−ξ),
hence |Vϕ1(λx, 0)| = |ϕˆ(0)| for any λ > 0 and x ∈ Rn. It is not restrictive to assume
vˆp(0) , 0, thus we conclude (Rn \ {0}) × {0} ⊆ WFG(1). The same arguments used
in Example 2 yield
WFG
(
e2πiξ0 ·
)
= WFG(1) = (R
n \ {0}) × {0}.
To compare with other wave front sets, notice that the classical wave front set is not
able to detect any singularity since u ∈ C∞(Rn), hence WFH (u) = ∅. However, the
SG wave front set is again more precise, yielding WFS(u) = (Rn \ {0}) × {ξ0}.
Example 4 (Fresnel chirp) Fix c ∈ R \ {0} and consider the linear chirp (also known
as Fresnel function) u(t) = eπict
2
. Straightforward computation for the STFT of u
with Gaussian window ϕ(t) = e−πt
2
(cf. for instance [1]) provide
|Vϕu(x, ξ)| = (1 + c
2)−n/4e−π |ξ−cx |
2/(1+c2). (21)
We deduce that the STFT rapidly decays in any open cone in R2n \ {0} which does
not include the hyperplane ξ = cx. Arguing as in the previous example we conclude
that
WFG
(
eπic | · |
2
)
= {(x, cx) : x ∈ Rn \ {0}}.
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We stress that the Gabor wave front set is superior in detecting singularities than
other notions in this case, which is characterized by varying frequency.Notice indeed
that WFH (u) = ∅, while WFS(u) = (R
n \ {0}) × (Rn \ {0}).
4.3 Modulation space setting
In Section 2.2 we introduced modulation spaces by conditioning the (weighted
and mixed) Lebesgue regularity of the phase-space representation (STFT) of their
members. This notion suggests a natural generalization of the Gabor wave front set
WFG by relaxing the Schwartz decay in (18) as follows, cf. [10].
Definition 8 Let 1 ≤ p ≤ ∞, s ≥ 0, ϕ ∈ S(Rn) \ {0} and u ∈ S′(Rn). We say
that z0 ∈ R2n \ {0} does not belong to WF
p,s
G
(u) if there exists an open conic
neighbourhood Γz0 of z0 in R
2n \ {0} such that Vϕu ∈ L
p
vs (Γz0), that is∫
Γz0
|Vϕu(z)|
p 〈z〉spdz < ∞, (22)
with obvious modification in the case where p = ∞.
It is clear from the definition that WFp,s
G
(u) is a closed conic subset of R2n \ {0}.
We remark that other kinds of microlocal analysis at modulation space regularity
may be taken into account. In this respect we mention the wave front set WFM p,qm (u)
introduced in [42, 43] and defined as follows. First define for f ∈ S′(Rn) the set
Σ( f ) as the complement in Rn \ {0} of the subset which contains all ξ¯ ∈ Rn \ {0}
such that (∫
Γξ¯
(∫
Rn
Vϕ f (x, ξ)p m(x, ξ)pdx)q/p dξ)1/q < ∞,
for some conic neighbourhoodΓξ¯ of ξ¯ inR
n \{0}. Hence, for 1 ≤ p, q ≤ ∞, a weight
function m on R2n and u ∈ D ′(Ω), Ω ⊆ Rn open, WFM p,qm (u) consists of elements
(x0, ξ0) ∈ Ω×R
n \ {0} such that ξ0 ∈ Σ(φu) for any φ ∈ C∞c (Ω) with φ(x0) , 0. It is
a remarkable result that modulation spaces are microlocally equivalent to Fourier-
Lebesgue spaces, in the sense of [42, Thm. 6.1]. We also refer to [33] for a discrete
version of this analysis.
We prove below the independence of the window ϕ in the definition of WFp,s
G
,
cf. [10] for more general results.
Proposition 4 Let 1 ≤ p ≤ ∞, s ≥ 0, u ∈ S′(Rn), ϕ ∈ S(Rn)\{0} and z0 ∈ R2n\{0}.
Assume that there exists an open conic neighbourhood Γz0 of z0 in R
2n \ {0} such
that condition (22) holds. For any open conic neighbourhood Γ′z0 of z0 in R
2n \ {0}
such that Γ′z0 ∩ S
2n−1 ⊆ Γz0 and any ψ ∈ S(R
n) \ {0} we have∫
Γ
′
z0
|Vψu(z)|
p 〈z〉spdz < ∞. (23)
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Proof Let us first recall the change-of-window estimate in Lemma 1, namely
|Vψu(z)| . (|Vϕu| ∗ |Vψϕ|)(z), z ∈ R
2n .
Since Vψϕ ∈ S(R2n) for ψ, ϕ ∈ S(Rn), for any N ≥ 0 we have
|Vψu(z)| .
∫
R2n
〈z − w〉−N |Vϕu(w)|dw.
Therefore, to prove the desired estimate (23) it is enough to show that, for a suitable
choice of n ≥ 0 we have ∫
R2n
F(·,w)dw

Lp (Γ′z0 )
< ∞,
where we set F(z,w) = Fn(z,w) = 〈z〉s 〈z − w〉−N |Vϕu(w)|.
We conveniently split the domain of integration in
∫
R2n
F(·,w)dw in two parts,
namely Γz0 and R
2n \ Γz0 . Let us first consider R
2n \ Γz0 and notice that
〈z − w〉 & max{〈z〉, 〈w〉}, z ∈ Γ′z0, w ∈ R
2n \ Γz0 . (24)
Furthermore, in view of the characterization of S′(Rn) in (5) we deduce that u ∈
M
p
v−r (R
n) for some r ≥ 0. Therefore, for z ∈ Γ′z0 we may write∫
R2n\Γz0
F(z,w)dw ≤
∫
R2n\Γz0
〈z〉s 〈w〉r 〈z − w〉−N
|Vϕu(w)|
〈w〉r
dw
.
(
〈·〉r+s−N ∗
|Vϕu(·)|
〈·〉r
)
(z).
It is then enough to assume N > r + s + 2n to conclude∫R2n\Γz0 F(·,w)dw

Lp (Γ′z0 )
.
〈·〉r+s−N
L1(R2n )
‖u‖M p
v−r (Rn )
< ∞.
For the remaining part we have∫
Γz0
F(z,w)dw ≤
∫
Γz0
〈z〉s 〈w〉−s 〈z − w〉−s 〈z − w〉s−N |Vϕu(w)〈w〉
sdw
.
∫
Γz0
〈z − w〉s−N |Vϕu(w)〈w〉
sdw
.
(
〈·〉s−N ∗
(
1Γz0 (·)|Vϕu(·)|〈·〉
s
))
(z),
where 1Γz0 is the characteristic function of the set Γz0 . Assumption (22) finally yields
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∫Γz0 F(·,w)dw

Lp (Γ′z0 )
.
〈·〉s−N 
L1(R2n )
VϕuLpvs (Γz0 ) < ∞.
In complete analogy with the Gabor wave front set WFG introduced in Definition
19 we consider a discrete version of WFp,s
G
.
Definition 9 Let 1 ≤ p ≤ ∞, s ≥ 0, ϕ ∈ S(Rn) \ {0} and u ∈ S′(Rn). Consider a
separable lattice Λ = αZn × βZn where α, β > 0 are such that G(ϕ,Λ) is a Gabor
frame. We say that z0 ∈ R2n \ {0} does not belong to WFp,sG (u) if there exists an
open conic neighbourhood Γz0 of z0 in R
2n \ {0} such that Vϕu ∈ L
p
vs (Γz0), that is∑
λ∈Λ∩Γz0
|Vϕu(λ)|
p〈λ〉sp < ∞, (25)
with obvious modification in the case where p = ∞.
We show that the discrete and continuous modulation Gabor wave front set
coincide. Therefore, modulation space regularity in a conic neighbourhood of a phase
space direction is a condition as strong as modulation space regularity restricted to
the points of the same cone which belong to a suitable lattice.
Theorem 1 Let 1 ≤ p ≤ ∞, s ≥ 0 and u ∈ S′(Rn). Then WFp,s
G
(u) =WFp,s
G
(u).
Proof We give the proof only in the case where p < ∞, since the case p = ∞
requires trivial modification. We first prove that z0 < WFp,sG (u)WFp,sG (u), namely
that (9) implies (8). In view of the reconstruction formula (6) we write u = u1 + u2,
where
u1 =
∑
λ∈Λ∩Γz0
Vϕu(λ)π(λ)ϕ˜, u2 =
∑
λ∈Λ\Γz0
Vϕu(λ)π(λ)ϕ˜,
where ϕ˜ = S−1ϕ ∈ S(Rn) \ {0} is the canonical dual window. It is therefore enough
to show that Vϕu1,Vϕu2 ∈ L
p
vs (Γz0). Let us start with Vϕu1.Vϕu1pLpvs (Γz0 ) = ∫Γz0 Vϕu1p 〈z〉psdz
≤
∫
Γz0
∑
λ∈Λ∩Γz0
(Vϕu(λ) Vϕ˜ϕ(z − λ) 〈z〉s )p dz.
We use the subadditivity of the weight, namely the identity 〈z〉s ≤ 〈z − λ〉−s 〈λ〉s to
get Vϕu1pLpvs (Γz0 ) ≤ ∫Γz0
∑
λ∈Λ∩Γz0
(Vϕu(λ) 〈λ〉s Vϕ˜ϕ(z − λ) 〈z − λ〉−s)p dz.
Let us set f (λ) =
Vϕu(λ) 〈λ〉s and g(z − λ) = Vϕ˜ϕ(z − λ) 〈z − λ〉−s for the sake of
clarity. Notice that g(z − λ) . 〈z − λ〉−N−s for arbitrary N ≥ 0. Hence, by Hölder
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inequality we haveVϕu1pLpvs (Γz0 ) ≤ ∫Γz0 ∑λ∈Λ∩Γz0 ( f (λ)g(z − λ))p dz
=
∫
Γz0
∑
λ∈Λ∩Γz0
(
f (λ)g(z − λ)1/pg(z − λ)1−1/p
)p
dz
≤
∫
Γz0
©­«
∑
λ∈Λ∩Γz0
f (λ)pg(z − λ)
ª®¬ ©­«
∑
λ∈Λ∩Γz0
g(z − λ)
ª®¬
p/p′
dz
≤ C
∫
Γz0
∑
λ∈Λ∩Γz0
f (λ)pg(z − λ)dz,
where
C = sup
z∈R2n
‖g(z − ·)‖
p/p′
ℓ1
< ∞.
We conclude by Minkowski inequality:Vϕu1pLpvs (Γz0 ) ≤ C ∫Γz0 ∑λ∈Λ∩Γz0 f (λ)pg(z − λ)dz
≤ C
∑
λ∈Λ∩Γz0
f (λ)p
∫
Γz0
g(z − λ)dz
≤ C′
∑
λ∈Λ∩Γz0
f (λ)p < ∞,
where we set
C′ = C
∫
Γz0
g(z − λ)dz < ∞,
and used the assumption (9) in the last step.
It remains to prove that Vϕu2 ∈ L
p
vs (Γz0), namelyVϕu2pLpvs (Γz0 ) = ∫Γz0 Vϕu2p 〈z〉psdz
≤
∫
Γz0
∑
λ∈Λ\Γz0
(Vϕu(λ) Vϕ˜ϕ(z − λ) 〈z〉s )p dz.
Recall from Section 2.2 that the STFT has at most polynomial growth, that is
|Vϕu(λ)| . 〈λ〉
r for some r ≥ 0. Moreover, since Vϕ˜ϕ ∈ S(R
2n) we have |Vϕ˜ϕ(z −
λ)| . 〈z − λ〉−N for any N ≥ 0. As a consequence of (24) we have
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Vϕu2pLpvs (Γz0 ) ≤ ∫Γz0
∑
λ∈Λ\Γz0
(Vϕu(λ) Vϕ˜ϕ(z − λ) 〈z〉s )p dz
.
∫
Γz0
∑
λ∈Λ\Γz0
(
〈λ〉r 〈z − λ〉−N 〈z〉s
)p
dz
.
∫
Γz0
∑
λ∈Λ\Γz0
(
〈λ〉r−N/2〈z〉s−N/2
)p
dz
(∫
Γz0
〈z〉p(s−N/2)
) ©­«
∑
λ∈Λ\Γz0
〈λ〉p(r−N/2)
ª®¬ < ∞,
where the conclusion follows after choosing N large enough.
We need to prove now that z0 < WF
p,s
G
(u) ⇒ z0 <
WFp,s
G
(u), that is (8) implies
(9). We essentially argue as before after inverting the role of discrete and continuous
norms and reconstruction formulae. To be concrete we prove thatVϕu ∈ ℓ
p
vs (Λ∩Γz0).
In view of the inversion formula for the STFT in (3) we set u = u′1 + u
′
2, where
u′1 =
∫
Γz0
Vϕu(z)π(z)ϕdz, u
′
2 =
∫
R2n\Γz0
Vϕu(z)π(z)ϕdz.
It is enough to prove that Vϕu′1,Vϕu
′
2 ∈ ℓ
p
vs (Λ ∩ Γz0). Let us first prove the claim for
Vϕu
′
1, having in mind (4). We haveVϕu′1ℓpvs (Λ∩Γz0 ) = ∑
λ∈Λ∩Γz0
Vϕu1(λ)p 〈λ〉sp
.
∑
λ∈Λ∩Γz0
(∫
Γz0
Vϕu(z) Vϕϕ(λ − z) dz)p
.
∑
λ∈Λ∩Γz0
(∫
Γz0
Vϕu(z) 〈z〉s Vϕϕ(λ − z) 〈λ − z〉−sdz)p .
We set f (z) =
Vϕu(z) 〈z〉s and h(λ − z) = Vϕϕ(λ − z) 〈λ − z〉−s in order to lighten
the notation. Therefore, by applying again Hölder’s inequality we get
An introduction to the Gabor wave front set 19Vϕu′1ℓpvs (Λ∩Γz0 ) . ∑
λ∈Λ∩Γz0
(∫
Γz0
f (z)h(λ − z)dz
)p
≤
∑
λ∈Λ∩Γz0
(∫
Γz0
f (z)ph(λ − z)dz
) (∫
Γz0
h(z − λ)dz
)p/p′
≤ ‖h‖
p/p′
L1
∑
λ∈Λ∩Γz0
∫
Γz0
f (z)ph(λ − z)dz
≤ C
∫
Γz0
f (z)pdz < ∞,
where we used the assumption (8) in the last step and we set
C = ‖h‖
p/p′
L1
sup
z∈Rn
∑
λ∈Λ∩Γz0
h(z − λ) < ∞.
The proof of Vϕu′2 ∈ ℓ
p
vs (Λ ∩ Γz0) follows the same pattern of the proof of Vϕu2 ∈
L
p
vs (Γz0) above, hence is left to the interested reader. 
Remark 1 As a consequence of the previous identification and Proposition 4 we have
that WFp,s
G
(u) does not depend on the Gabor frame G(ϕ,Λ) used in (9). Moreover,
it is clear from the definition that u ∈ Mpvs (R
n) if and only if WFp,s
G
(u) = ∅, in view
of the compactness of the sphere S2n−1.
The modulation space Gabor wave front set is very well suited to the study of
Weyl operators with low regular symbols, as detailed in the following result.
Proposition 5 ([10, Prop. 5.3]) Let 1 ≤ p ≤ ∞, a ∈ M∞1⊗vγ (R
2n) with γ > 2n and
0 < 2s < γ − 2n. For any u ∈ Mp−s(R
n) we have
WF
p,s
G
(awu) ⊂ WF
p,s
G
(u).
This should be comparedwith Proposition 2, having inmind that
⋂
γ≥0 M
∞
1⊗vγ
(R2n) =
S00,0.
4.4 Propagation of singularities
We conclude this survey with some easy examples of application of the Gabor wave
front set to propagation of microlocal singularities for Schrödinger equations. We
refer to [10, 40] for a broader treatment of the topic, see also the other references
cited in the historical account above.
Let us fix the setting of our investigation. We consider the Cauchy problem for
the Schrödinger equation, namely
20 Luigi Rodino and S. Ivan Trapasso{
i∂tu(t, x) = Hu(t, x)
u(0, x) = u0(x)
, (26)
where H = aw is the Weyl quantization of a real-valued quadratic polynomial in
R
2n, namely
a(x, ξ) =
1
2
xAx + ξBx +
1
2
ξCξ, (27)
for some symmetric matrices A,C ∈ Rn×n and B ∈ Rn×n. The phase-space analysis
of the Schrödinger propagator U(t) : u0(x) 7→ u(t, x) is intimately related to the
corresponding Hamiltonian system, that is1
2π Ûz = J∇za(z) = A, A =
(
B C
−A −B⊤
)
.
The classical phase-space flow At = e(t/2π)A : R2n → R2n is a symplectic diffeo-
morphism and the following result on the propagation of singularities holds in our
setting.
Theorem 2 Consider the Cauchy problem (26) with the assumption specified above.
We have thatU(t) ∈ B(M
p
vr (R
n)) for all t ∈ R, 1 ≤ p ≤ ∞ and r ∈ R. If u0 ∈ S′(Rn)
then
WFG(U(t)u0) = At (WFG(u0)), t ∈ R.
If in particular u0 ∈ M
p
v−s (R
n) for some 1 ≤ p ≤ ∞ and s ≥ 0 then
WF
p,s
G
(U(t)u0) = At (WF
p,s
G
(u0)), t ∈ R.
More refined results for general Hamiltonians and potential perturbations can
be found in [10]. We stress that this is one of the rare case where propagation
of singularities for Schrödinger operators with non-smooth potentials is taken into
account.
Example 5 (The free particle) Let us first consider the free case, namely H = −△/2
- which corresponds to a(x, ξ) = ξ2/2. It is well known that the solution of (26) can
then be expressed as
u(t, x) = (Kt ∗ u0)(x), Kt (x) =
1
(2πit)n/2
eix
2/(2t).
An easy computation reveals that the corresponding Hamiltonian flow is given by
At (x, ξ) = (x − 2πtξ, ξ), (x, ξ) ∈ R
2n .
Let us consider the initial datum u0 = δ0, so thatU(t)u0(x) = Kt (x). Therefore, using
the results in Example 2 we get
1 The factor 2π is a consequence of the normalization of the Fourier transform adopted in this
paper.
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WFG(U(t)u0) = At (WFG(δ0)) = {(x, ξ) ∈ R
2n : x = 2πtξ, ξ , 0}.
Notice that a pure frequency initial state, namely u0(x) = e2πixξ0 for ξ0 ∈ Rn, evolves
as u(t, x) = e−2πiξ
2
0 e2πixξ0 , hence the wave front set is stationary:
WFG(U(t)u0) = WFG(u0) = {(x, 0) ∈ R
2n, x , 0}.
Example 6 (The harmonic oscillator) Consider now the Hamiltonian
H = −
1
4π
△ + πx2,
that is the Weyl quantization of the symbol a(x, ξ) as in (27) with A = (2π)I , B = 0
and C = −(2π)I , where I is the n × n identity matrix - see [23, Sec. 4.3] and [14,
Sec. 4] for a detailed derivation. The classical flow can be explicitly computed:
At = e
(t/2π)A
=
(
(cos t)I (sin t)I
−(sin t)I (cos t)I
)
, t ∈ R.
Therefore, by taking into account the initial datum u0 = 1 and Example 3 above we
have for any t ∈ R
WFG(U(t)u0) = At (WFG(1)) = {(x, ξ) = ((cos t)y, (sin t)y) ∈ R
2n, y , 0}.
Let us examine the behaviour of the wave front set in the interval t ∈ [0, π/2] for
the sake of concreteness. For t = 0 we have WFG(u0) = (Rn \ {0}) × {0}, while for
t = π/2 we have WF(U(π/2)u0) = {0} × (Rn \ {0}). We see that for t ∈ (0, π/2)
the singularities are propagated by counter-clockwise rotation in phase space. Let us
stress the connection with the structure of the propagator, whose distribution kernel
is given by theMehler formula [20, 34]: for k ∈ Z,
Kt (x, y) =
{
c(k)| sin t |−n/2 exp
(
πi
x2+y2
tan t − 2πi
xy
sin t
)
(πk < t < π(k + 1))
c′(k)δ((−1)kx − y) (t = kπ)
, (28)
for suitable phase factors c(k), c′(k) ∈ C. The solution is thus given in the form of
Fourier integral operator for t , π/2 + kπ, k ∈ Z, as
U(t)u0(x) = (cos t)
−n/2
∫
Rn
e2πi[
1
cos t xξ−
tan t
2 (x
2
+ξ2)]û0(ξ)dξ.
In particular, the choice u0 = 1 yields u(t, x) = U(t)u0(x) = (cos t)−n/2e−πi(tan t)x
2
,
which is consistent with the previous computation, since by (21) we haveVϕu(t, ·)(x, ξ) = e−π(cos t)2 |ξ−(tan t)x |2 .
22 Luigi Rodino and S. Ivan Trapasso
References
1. Á. Bényi, K. Gröchenig, K. Okoudjou, L. Rogers. Unimodular Fourier multipliers for modula-
tion spaces. J. Funct. Anal. 246 (2007), no. 2, 366–384.
2. P. Boggiatto, G.De Donno and A. Oliaro. Time-frequency representations of Wigner type and
pseudo-differential operators. Trans. Amer. Math. Soc. 362 (2010), no. 9, 4955–4981.
3. C. Boiti, D. Jornet and A. Oliaro. The Gabor wave front set in spaces of ultradifferentiable
functions. Monatsh. Math. 188 (2019), no. 2, 199–246.
4. M. Cappiello, R. Schulz and P. Wahlberg. Conormal distributions in the Shubin calculus of
pseudodifferential operators. J. Math. Phys. 59 (2018), no. 2, 021502, 18 pp.
5. M. Cappiello and R. Schulz. Microlocal analysis of quasianalytic Gelfand-Shilov type ultra-
distributions. Complex Var. Elliptic Equ. 61 (2016), no. 4, 538–561.
6. E. Carypis and P. Wahlberg. Propagation of exponential phase space singularities for
Schrödinger equations with quadratic Hamiltonians. J. Fourier Anal. Appl. 23 (2017), no.
3, 530–571.
7. E. Cordero, K. Gröchenig, F. Nicola, and L. Rodino. Wiener algebras of Fourier integral
operators. J. Math. Pures Appl. 99(2) (2013), 219–233.
8. E. Cordero, L. D’Elia and S.I. Trapasso. Norm estimates for τ-pseudodifferential operators in
Wiener amalgam and modulation spaces. J. Math. Anal. Appl. 471 (2019), no. 1-2, 541–563.
9. E. Cordero, F. Nicola, and L. Rodino. Gabor analysis for Schrödinger equations and propagation
of singularities. In Recent Trends in Operator Theory and Partial Differential Equations, 257–
274, Birkhäuser/Springer, Cham, 2017.
10. E. Cordero, F. Nicola, and L. Rodino. Propagation of the Gabor wave front set for Schrödinger
equations with non-smooth potentials. Rev. Math. Phys. 27 (2015), no. 1, 1550001.
11. E. Cordero, F. Nicola, and L. Rodino.Wave packet analysis of Schrödinger equations in analytic
function spaces. Adv. Math. 278 (2015), 182–209.
12. E. Cordero, F. Nicola, and L. Rodino. Sparsity of Gabor representation of Schrödinger propa-
gators. Appl. Comput. Harmon. Anal. 26 (2009), no. 3, 357–370.
13. E. Cordero, F. Nicola and S. I. Trapasso. Almost diagonalization of τ-pseudodifferential
operators with symbols in Wiener amalgam and modulation spaces. J. Fourier Anal. Appl. 25
(2019), no. 4, 1927–1957.
14. E. Cordero and F. Nicola. On the Schrödinger equation with potential in modulation spaces. J.
Pseudo-Differ. Oper. Appl. 5(3) (2014), 319–341.
15. E. Cordero and S.I. Trapasso. Linear perturbations of the Wigner distribution and the Cohen
class. Anal. Appl. (2019) - to appear. DOI: 10.1142/S0219530519500052.
16. H.O. Cordes. The Technique of Pseudodifferential Operators. Cambridge University Press,
Cambridge, 1995.
17. S. Coriasco, K. Johansson and J. Toft. Global wave-front properties for Fourier integral oper-
ators and hyperbolic problems. J. Fourier Anal. Appl. 22 (2016), no. 2, 285–333.
18. S. Coriasco and L. Maniccia. Wave front set at infinity and hyperbolic linear operators with
multiple characteristics. Ann. Global Anal. Geom. 24 (2003), no. 4, 375–400.
19. A. Debrouwere and J. Vindas. Discrete characterizations ofwave front sets of Fourier-Lebesgue
and quasianalytic type. J. Math. Anal. Appl. 438 (2016), no. 2, 889–908.
20. M. de Gosson. Symplectic Methods in Harmonic Analysis and in Mathematical Physics.
Birkhäuser/Springer Basel AG, Basel, 2011.
21. J. Duistermaat and L. Hörmander. Fourier integral operators. II. Acta Math. 128 (1972), no.
3-4, 183–269.
22. H.G. Feichtinger. Modulation spaces: looking back and ahead. Sampl. Theory Signal Image
Process. 5 (2006), no. 2, 109–140.
23. G. B. Folland. Harmonic Analysis in Phase Space. Annals of Mathematics Studies, 122.
Princeton University Press, Princeton, NJ, 1989.
24. D. Gabor. Theory of communication. J. IEE 93(III) (1946), 429–457.
25. K. Gröchenig. Foundations of time-frequency analysis. Birkhäuser Boston, Inc., Boston, MA,
2001.
An introduction to the Gabor wave front set 23
26. L. Hörmander. The analysis of linear partial differential operators III. Pseudo-differential
operators. Reprint of the 1994 edition. Classics in Mathematics. Springer, Berlin, 2007.
27. L. Hörmander. The analysis of linear partial differential operators I. Distribution theory and
Fourier analysis. Reprint of the 1990 edition. Classics in Mathematics. Springer, Berlin, 2003.
28. L. Hörmander. Quadratic hyperbolic operators. InMicrolocal analysis and applications (Mon-
tecatini Terme, 1989), 118–160, Lecture Notes in Math., 1495, Springer, Berlin, 1991.
29. L. Hörmander. Fourier integral operators. I. Acta Math. 127 (1971), no. 1-2, 79–183.
30. L. Hörmander. Linear differential operators. In: Actes Congr. Int. Math. Nice 1970, 1, 121-133.
31. K. Ito. Propagation of singularities for Schrödinger equations on the Euclidean space with a
scattering metric. Comm. Partial Differential Equations 31 (2006), no. 10-12, 1735–1777.
32. A.J.E.M. Janssen. Duality and biorthogonality for Weyl-Heisenberg frames. J. Fourier Anal.
Appl. 1 (1995), no. 4, 403–436.
33. K. Johansson, S. Pilipović, N. Teofanov and J. Toft. Gabor pairs, and a discrete approach to
wave-front sets. Monatsh. Math. 166 (2012), no. 2, 181–199.
34. L. Kapitanski, I. Rodnianski and K. Yajima. On the fundamental solution of a perturbed
harmonic oscillator. Topol. Methods Nonlinear Anal. 9(1) (1997), 77–106.
35. S. Kostadinova, K. Saneva and J. Vindas. Gabor frames and asymptotic behavior of Schwartz
distributions. Appl. Anal. Discrete Math. 10 (2016), no. 2, 292–307.
36. R. Melrose, A. Vasy and J. Wunsch. Propagation of singularities for the wave equation on edge
manifolds. Duke Math. J. 144 (2008), no. 1, 109–193.
37. R. Melrose and M. Zworski. Scattering metrics and geodesic flow at infinity. Invent. Math. 124
(1996), no. 1-3, 389–436.
38. R. Melrose. Spectral and scattering theory for the Laplacian on asymptotically Euclidian
spaces. In Spectral and scattering theory (Sanda, 1992), 85–130, Lecture Notes in Pure and
Appl. Math., 161, Dekker, New York, 1994.
39. S. Nakamura. Propagation of the homogeneous wave front set for Schrödinger equations. Duke
Math. J. 126 (2005), no. 2, 349–367.
40. F. Nicola and L. Rodino. Propagation of Gabor singularities for semilinear Schrödinger equa-
tions. NoDEA Nonlinear Differential Equations Appl. 22 (2015), no. 6, 1715–1732.
41. F. Nicola. Phase space analysis of semilinear parabolic equations. J. Funct. Anal. 267 (2014),
no. 3, 727–743.
42. S. Pilipović, N. Teofanov and J. Toft. Micro-local analysis with Fourier Lebesgue spaces. Part
I. J. Fourier Anal. Appl. 17 (2011), no. 3, 374–407.
43. S. Pilipović, N. Teofanov and J. Toft. Micro-local analysis in Fourier Lebesgue and modulation
spaces: part II. J. Pseudo-Differ. Oper. Appl. 1 (2010), no. 3, 341–376.
44. S. Pilipović, N. Teofanov and F. Tomić. Beyond Gevrey regularity. J. Pseudo-Differ. Oper.
Appl. 7 (2016), no. 1, 113–140.
45. S. Pilipović and B. Prangoski. On the characterizations of wave front sets in terms of the
short-time Fourier transform. Math. Notes 105 (2019), no. 1-2, 153–157.
46. S. Pilipović and J. Toft. Wave-front sets related to quasi-analytic Gevrey sequences. Publ. Inst.
Math. (Beograd) (N.S.) 105(119) (2019), 1–16.
47. K. Pravda-Starov, L. Rodino and P. Wahlberg. Propagation of Gabor singularities for
Schrödinger equations with quadratic Hamiltonians. Math. Nachr. 291 (2018), no. 1, 128–
159.
48. K. Pravda-Starov. Generalized Mehler formula for time-dependent non-selfadjoint quadratic
operators and propagation of singularities. Math. Ann. 372 (2018), no. 3-4, 1335–1382.
49. M. J. Radzikowski. Micro-local approach to the Hadamard condition in quantum field theory
on curved space-time. Comm. Math. Phys. 179 (1996), no. 3, 529–553.
50. L. Rodino and P. Wahlberg. The Gabor wave front set. Monatsh. Math. 173 (2014), no. 4,
625–655.
51. R. Schulz and P. Wahlberg. Equality of the homogeneous and the Gabor wave front set. Comm.
Partial Differential Equations 42 (2017), no. 5, 703–730.
52. M.A. Shubin. Pseudodifferential Operators and Spectral Theory. Springer-Verlag, Berlin,
2001.
24 Luigi Rodino and S. Ivan Trapasso
53. P. Wahlberg. Propagation of polynomial phase space singularities for Schrödinger equations
with quadratic Hamiltonians. Math. Scand. 122 (2018), no. 1, 107–140.
54. M. W. Wong.Weyl transforms. Springer-Verlag, New York, 1998.
55. J. Wunsch. Propagation of singularities and growth for Schrödinger operators. Duke Math. J.
98 (1999), no. 1, 137–186.
